We consider the spatially flat Friedmann model
Introduction
The de Sitter space-time
is the space-time being mainly discussed to represent the inflationary phase of cosmic evolution. Recently, a space-time defined by
enjoys increasing interest for these discussions, too. Especially, eq. (2) with p ≥ 1, t > 0 is called power-law inflation; and with p < 0, t < 0 it is called polar inflation.
We summarize some differential-geometrical properties of both de Sit- to deal with space-times. The most often used limit -the Geroch-limit of space-times -has the property that a symmetry (here: self-similarity) of all the elements of the sequence must also be a symmetry of the limit.
From this it follows that the Geroch limit of space-times (2) with p → ∞ cannot be unique, moreover, it is just the one-parameter set (1) parametrized by arbitrary values H > 0.
3 Scale-invariant field equations Secondly, for
(let be 8πG = 1, henceforth) the homothetic transformation has to be accompanied by a suitable translation of Φ to ensure scale-invariance. For µ = 0, the value of V 0 can be normed to 1, 0 or −1.
A third example is the following: for the Kaluza-Klein ansatz 
The closed and open models
Let us start with the closed model. We restrict ourselves to a region where one has expansion, so we may use the cosmic scale factor as time-like coordinate:
where
is the positively curved 3-space of constant curvature. It holds: if the 00-component of the field equation (here: eq. (10) below) is fulfilled, then all other components are fulfilled, too. Such a statement holds true for all
Friedmann models and "almost all sensible field theories". With ansatz (6, 7) we get via
and
the result: the field equation following from the Lagrangian (3) is fulfilled for metric (6, 7), if and only if We look now for solutions with vanishing R 0 0 , i.e., with (8) we get
By the way, (6,7) is self-similar if and only if eq. (11) holds. From (9, 11)
we get
We insert (11, 12) into (10) and get
which fulfils (11) if
holds. Inserting (11,13) into (6) and introducing synchronized coordinates we get as a result: if (14) holds, then
is a solution of the fourth order field equation following from Lagrangian (3).
It is a self-similar solution, and no other self-similar solution describing a closed Friedmann model exists.
For the open Friedmann model all things are analogous, one gets for
and with sinh r instead of sin r in eq. (7) the only self-similar open solution (which is flat for m ∈ {0, 1})
The spatially flat model
The field equation for the spatially flat model can be deduced from that one of a closed model by a limiting procedure as follows: we insert the transformation r → ǫr, a → a/ǫ, Q → Qǫ 2 and apply the limit ǫ → 0 afterwards. One gets via lim ǫ→0 sin(ǫr) = r the metric
with unchanged eqs. (8, 10), whereas eq. (9) yields
The trivial solutions are the flat Minkowski space-time and the model with constant value of Q, i.e., R = 0 (m > 1 only), which is simply Friedmann's radiation model. Now, we consider only regions with non-vanishing curvature scalar. For the next step we apply the fact that the spatially flat model has one symmetry more than the closed one: the spatial part of the metric is self-similar. In the coordinates (16) this means that each solution Q(a) may be multiplied by an arbitrary constant. To cancel this arbitrariness, we define a new function
We insert (8, 17) into (10) and then (18) into the resulting second order equation for Q. We get the first order equation for P
As it must be the case, for m = 0, 1, only P = 0 is a solution. 
For m → 1/2 we get b → 6 and 1/g → ∞; for m → 5/4 we get b → 0 and 1/g → −5/6, so the two special cases could also have been obtained by a limiting procedure from eq. (20).
Metric (16) with (20) can be explicitly written in synchronized coordinates for special examples only, see e.g. BURD and BARROW (1988) .
We have considered scale-invariant field equations. The three examples mentioned in sct. 3 can be transformed into each other by a conformal transformation of the four-dimensional space-time metric. The parameters of eqs.
(3) and (4) are related by
a similar relation exists to the internal space dimension in eq. (5), one has
for details cf. BLEYER and SCHMIDT (1990) . The necessary conformal factor is a suitable power of the curvature scalar (3). A further conformal transformation in addition with the field redefinition θ = tanh Φ leads to the conformally coupled scalar field θ in the potential
the conformal factor being cosh 4 Φ, cf. SCHMIDT (1988) . So, equations stemming from quite different physical foundations are seen to be equivalent.
We have looked at them from the point of view of self-simi1ar solutions and of limiting processes changing the type of symmetry.
The general solution for the spatially flat Friedmann models in fourth order gravity (3), eqs. (16, 20) , can be written for small c in synchronized coordinates as follows ds 2 = dt 2 − a 2 (t)(dx 2 + dy 2 + dz 2 ) , a(t) = t p (1 + ǫt −bp + O(ǫ 2 )) . 
